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Abstract
In this paper, the finite element method is used to study the dynamic behavior of the damaged rotating composite 
blade. Three dimensional, finite element programs were developed using a nine node laminated shell as a discretization 
element for the blade structure (the same element type is used for damaged and non-damaged structure). In this analysis 
the initial stress  effect  (geometric  stiffness)  and  other  rotational  effects  except  the  carioles acceleration  effect  are
included.  The investigation covers the effect speed of rotation, aspect ratio, skew angle, pre-twist angle, radius to 
length, layer lamination and fiber orientation of composite blade. After modeling a non-damaged rotating composite 
blade, the work procedure was to apply different damage cases in reference to the non-damaged structure in order to 
compute the shift in the fundamental natural frequency and stresses. Damage occurs in several layers of the composite 
sheet in different locations throughout its volume, and through several layers of the sheet. The numerical results show a 
good agreement compared with the available investigations using other methods.
Keywords: Damaged rotating blade, composite materials, FEM, stresses and frequencie.
1. Introduction
Blades  are  key  structural  units  in  turbo-
machinery  of  the  aeronautical  and  aerospace 
industries.  In  the  operational  condition  of  the 
machinery,  it  is  required to  investigate the 
vibration characteristics of the rotating blades for 
design  and  analysis  of  efficient  performance 
prediction  and  high  specific  strength  etc.  Thus, 
vibration analysis of turbo-machinery blades has 
received much attention for decades, and one can 
easily  find  numerous  references  of  literature 
related  to the  eigen-frequency  problems.  Many 
research  workers  have  assumed  the 
turbomachinery blade  as  a  beam which may  be 
adequate for a blade with high aspect ratios. As a 
matter  of  fact,  the  chord-wise  bending  modes 
becomes  involved  in  the  vibration  due  to  the 
effect of the decrease in the blade aspect ratio. 
Omprakash and Ramamurti [1] carried out the 
steady-state,  dynamic  stress  and  deformation 
analysis  of  high  pressure  stage  turbomachinery 
bladed discs taking into account all the geometric 
complexities  involved  and  included  the 
contributions due to initial stress and membrane 
behavior.  They  used  a  triangular  shell  element 
with six degrees of freedom per node. 
Stephen  and  Wang  [2]  analyzed  the  rotating 
blade  according  to  the  theory  of  elasticity.  The 
problem  is  reduced  to  a  two-dimensional 
boundary  value  problem  to  which  the  stresses, 
strains,  and  displacements  for  a  rotating  blade 
having no pre-twist or taper were determined. 
Leissa and Ewing [3] estimated the accuracy 
and limitation of the blade that  is based on  the 
beam theories. Furthermore, they pointed out that 
the  beam  theories  are  generally  inadequate  to 
determine  the  vibration  frequencies  and  mode 
shapes  of  moderate  to  low  aspect  ratio  models. 
During the recent years, a more rigorous method 
of analysis has been developed based on the plate 
theory. 
Dokainish  and  Rawtani  [4]  investigated  the 
natural  frequencies  and  the  mode  shapes  of  a 
cantilevered plate mounted around a rotating disc. 
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They considered the chord-wise bending effects, 
and obtain accurate results. In addition, 
Ramamurti  and  Kielb  [5]  predicted  eigen
frequencies of twisted rotating plates. Nowadays, 
shell  type  structures  with  different  curvatures 
have been widely used as a part of turbomachines, 
which are the main feature relative to the beam 
and  plate  models.  Thus,  shell  models  are 
preferable  to  plate  models  due  to  the  effect  of 
surface  curvature  variation  of  the  structures.
Leissa and his coworkers did extensive researches 
that  greatly  help  in  assessing  the  vibration 
characteristics  of  shell  type  turbo-machinery 
blades  [6–9].  With  the  variational  approach  a 
classical concept is employed, in which a shallow 
and thin shell theory is used as the starting point 
of the finite element formulation. Those methods 
in  references  can  be  used  for  analyzing  blades 
with relatively small double curvatures accurately, 
but are inadequate for blades with large curvatures 
and twists. 
Henry  et  al.  [10]  summarized  the  important 
literatures on the shell finite elements that were
developed in decades. In addition, Ahmad et al. 
[11]  introduced  the  concept  of  the  continuum 
based degenerated shell element, and treated the 
shells  of  arbitrarily  shapes  without  adopting 
complicated  assumptions  for  specific  shell 
theories. Because of the popularity of this concept 
due to  simplicity  in  formulation, many  research 
works  have  been  developed to improve  the 
behavior  of  the  degenerated  shell  element.  The
geometric  and  material  non-linear  analysis  of 
shells was extended by Ramm [12] and Bathe and 
Bolourchi [13]. 
Huang and Hinton [14] presented a new nine-
node degenerated shell element, which adopts an 
enhanced  interpolation  to  overcome  the  locking 
phenomenon. Lee and Han [15] investigated the 
vibration  of  plates  and  shells  using  the 
degenerated  shell  elements  with  the  assumed 
natural strains. With advancements in  aerospace 
technology, composite materials have been widely 
used  in  lightweight  structures.  Furthermore, 
composites show great potential in the design of 
turbo-machinery blades due to the advantages of 
strength, durability and weight of the materials. 
Bhumbla  et  al.  [16]  studied  the  natural 
frequencies  and  mode  shapes  of  spinning 
laminated composite plates. 
Lam  and  Qian  [17]  investigated  the  free 
vibrations of thick cross-ply laminated composite 
cylindrical shells spinning with its axis based on 
the  first order  shear  deformation  theory.  Also, 
Kumar  and  Palaninathan  [18]  studied  the  finite 
element analysis of laminated shells by using the 
degenerated  shell  element.  They  suggested  four 
models  for  analyzing  the  laminated  shell 
structures, and studied the numerical accuracy and 
computational  efficiency  of  the  models  by 
comparing layer stresses and buckling loads. The 
main  aim  of  the  present  study  is  the  vibration 
analysis of an initially twisted rotating composite 
blade.  A  general  formulation  is  derived  for  an 
initially twisted rotating shell structures including 
the  effect  of  centrifugal  force  and  Coriolis 
acceleration.  The  blade  is  assumed  to  be  a 
moderately  thick  open  circular  cylindrical  shell 
with the transverse shear deformation and rotary 
inertia  effects,  and  is  oriented  arbitrarily  with 
respect  to  the  axis  of  rotation.  Based  on  the 
concept  of  degenerated  shell  element  with  the 
Reissner–Mindlin’s  assumptions,  the  finite 
element method is used for solving the governing 
equations.  In  the  numerical  study,  effects  of 
various  parameters  are  investigated:  initial 
twisting angles, thickness to radius ratios, chord 
length  ratios,  layer  lamination  and  fiber 
orientation  of  composite  blades.  Also,  they  are 
compared  with  the  previous  works  and 
experimental data.
2. Formulation
2.1. Basic Assumptions
In this study, the assumptions are as follows,
(1) A  straight  line  normal  to  the  mid-surface 
before  deformation  remains  straight  after 
deformation,  and  the  transverse  shear 
deformation is considered.
(2) A stress component normal to the shell mid-
surfaces is negligible.
2.2. Geometry and  Deformation  of 
Degenerated Shell
Fig.(1.a)  shows  the  position  vector  X  of  a 
generic  material  point  P in  the  unreformed 
configuration, and the unit nodal vectors and the 
coordinates  adopted  in  this  study  are  also 
presented.
The position vector X can be expressed as;
3 ze X X o                                            …(1)
where X0 is the position vector of a point O on the 
shell mid-surface and e3 is the unit normal vector 
of the shell mid-surface.
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Using the non-dimensional coordinate 1 with 
respect to the thickness h of the shell, Eq. (1) can 
be reduced as;
3 2
e
h
X X o 




                                     …(2)
Fig.(1.b)  shows  the  mechanism  of  the 
deformation of the shell. As the line segment OP 
changes to OP0; then ze3 is rotated to the ze03 
due  to  the  deformation.  Then  the  displacement 
vector  U  of  a  generic  material  point  P  may  be 
expressed as;
  U U U o                                          …(3)
Where    3 3 2
e e
h
U    
Fig.1. Geometry and Deformation Mechanism of the Degenerated Shell Element; (a) Geometry and Coordinate 
Systems, (b) Mechanism of Deformation.
In  this  study,  the  type  of  element  is an
isoparametric  nine-node  degenerated  shell 
element. Five degrees of freedom are defined at 
each  nodal  point  corresponding  to  its  three 
translational  displacement  u0,  v0,  w0 and  two 
rotational degrees of freedom  , . 
As shown in Fig. (1.b),  3 e is described by the 
 rotation about e1 and the   rotation about e2. 
In this case, the positive sense of rotation angles
 and   are  defined  with  respect  to  the  local 
coordinate system. Thus the displacement vector 
 U can be expressed as,
] ) 1 cos (cos cos sin [sin
2
3 2 1 e e e
h
U          
...(4)
For small deformation assumption, Eq. (4) can 
be simplified to
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2.3. Finite Element Formulation
The  coordinate  nodal  values  were  used  to 
interpolate the position and displacement vectors, 
and these vectors are expressed as follows,
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Eq. (7) can be simplified to
  q
T N w v u                                      …(8)
  9 2 1 ... ... d d d d q i        and
 
T
i i oi oi oi i w v u d   
also, N is the interpolation function matrix of the 
nine-node isoparametric element as shown below.
  9 2 1 ... ... N N N N N i 
) 9 ..., , 1 (
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For the case of a composite blade, the through 
thickness numerical integration is carried out by 
modifying the variable   to  k  in the kth layer 
such that  k  varies from -1 to 1 in that layer. Fig. 
(2) shows the nine node laminated shell element. 
The  non-dimensional  coordinate       can  be 
rewritten as:
  t h h
k
j k k j       
1 ) 1 ( 2 1           …(10)
Fig.2. Composite Lamination of the Degenerated Shell Element (a) Nine-Node Layered Curved Shell Element (b) 
Orthogonal Local Axes at a Shell Node j and Cross Section of Shell.
The covariant displacement components in the 
natural  coordinate  system  are  obtained  by 
projecting  the  displacement  components 
expressed  in  the  global  Cartesian  coordinate 
system  onto  the  natural  coordinate  directions 
which are expressed as;
i k
i
u
x
u

 

                                            …(11)             
where  repeated  indices  denote  the  summation 
(i=1, 2, 3,     , ,  ).
Eq. (11) can also be rewritten in a matrix form 
as;
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Let
 
T G G G G    , , ,                             …(13)
Where
 
T w v u G     , , ,  ,   
T w v u G     , , , 
and   
T w v u G     , , , 
(a) (b)
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The  strain  vectors  are  composed  by  the 
following procedures;
   
T
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T
xz yz xy z y x w v u u u H , , , , , ...       
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Then, the  strain–displacement  relationship 
takes the form as;
,
1 q B Gq HJ st  
                                …(15)
Where,
 
T d d d q 9 2 1 ...    
And          
T
i i oi oi oi i w v u d   
The  complete  structural  strain–displacement 
matrix Bst can be divided into Bm and Bs, which 
are independent of  , and Bb which is linear in 
, so that matrix is written as;
b s m st B B B B                                  …(16)           
The stress–strain relationship can be written in 
the global coordinate system as    E  or the 
local coordinate system as ' ' '   E  . The global 
material property matrix E is obtained from local 
property  matrix  E'  by  using  a  coordinate 
transformation matrix   T such as;
  T E T E
T '                                            …(17)
The strain energy can be expressed as;



n
k
V
T dV E U
1 2
1
                             …(18)
where n denotes the number of composite layers.
Fig. (3) shows the configuration of the rotating 
shell type blade, which is modeled in the present 
study. The reference coordinate system (i, j, k) is 
defined  in  terms  of  the  angular  velocity   .  In 
addition, the global coordinate system (ex, ey, ez) 
has  the  offset  from  the  reference  coordinate
system  by  translation  (hi,  hj,  hk)  and  rotation
) , , ( k j i    . Also, the twist of the blade can be 
expressed  by  the  following  coordinate 
transformation;
   
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w y x T z y x
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0 0 1
...(19)
where Ttw is the coordinate transformation matrix 
for  a  blade  twist,  and    z y x is  the 
transformed  coordinates  of  the  initially  twisted 
blade.  With  rotational  motion ,  the  velocity 
vector of any arbitrary point of the blade may be 
written as;
r
dt
dr
V                                            …(20)
Where, 
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Fig.3. Rotating Blade Model with the Offsets (hi, hj, 
hk) and Initial Twist  ) ( .
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The position vector r, defined in the reference 
coordinate system, can be obtained by using the 
global coordinate system (ex, ey, ez) and reference 
coordinate  system  (I,  j,  k).  The  relationships 
between  the  two  coordinate  systems  can  be 
written as;
   
T
L
T
z y x k j i T e e e              …(21)
Where,
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also, the kinetic energy of the rotating blade takes 
the following form:



n
k V
dV V V T
1
.
2
1
                  …(22)
to  derive  the  governing  equation  of  motion,  an 
extended Hamilton’s principle is used as;
  0
1
   dt U T
t
to
                                  …(23)
The  variation  on  the  strain  energy  U  and 
kinetic energy T can be written as;
dV
G G
G E E
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...(24)
      
V
w v u dV w P v P u P T      ...(25)
hence, the governing equations are derived as;
cf F q cf K g K K q C q M    


 
) 1 ( …(26)
where M, C, Kl and Kg are the mass matrix, the 
Coriolis matrix, the linear stiffness matrix and the 
geometric  stiffness  matrix,  respectively.  In 
addition, Kcf and Fcf are the stiffness matrix and 
the force vector due to the centrifugal force. For 
the dynamic analysis, the solution of eq. (26) is 
separated to the static and time dependent terms. 
Then the displacement vector q may be expressed 
as  ) (t q q s    , where qs and  ) (t  denote the 
static  solution  and  a  small  time  dependent 
perturbation  about  the  static  equilibrium  state, 
respectively. Thus, the perturbed equations can be 
obtained as follows;
0 ) ( 1     
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   cf g K K K C M     ...(27)
To solve Eq. (27), it can be rewritten in the 
state space form,
0  

g B Ag                               …(28)
Where,
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The solution of Eq. (28) is assumed to be of 
the  form
t e C g
  ,  where  C  is  an  arbitrary 
constant. As a result, the equation of motion can 
be simplified as a generalized eigenvalue problem 
in the form of:
g B g A                                  …(29)
3. Case Study
The stresses and vibration characteristics effect 
on the blade caused by the centrifugal forces are 
investigated for two models of blades and three 
damaged  cases.  The  models  have  the  same 
properties  and  dimensions  except  fiber 
orientations. 
The  following  material  properties  of 
Graphite/Epoxy were used in the numerical study. 
Basically,  it  is  assumed  that the  layers  are 
perfectly  bonded  together and the  width  of  the 
models is (W=   ٠.٣٠٥ m). The laminated sheet is 
symmetric  about  the  mid-plane  with  a  stacking 
sequence  of  [(0/90)4]s for  the  first  model  and 
[(45/-45)4]s for the second model.
The shell element used in this analysis is three 
dimensional with six degrees of freedom for each 
node and the  stresses  and  frequencies  are 
computed  for  different  mesh; it  is  preferable  to 
suitable mesh size to be used during the analysis 
[No.  of  elements  for  (L/W=1,  225  elements), 
(L/W=2, 450 elements), (L/W=3, 675 elements) & 
(L/W=4,  900  elements)].  In  each  of  the 
simulations, the blade constrained from one edge 
and frees from the other edges of the plate. The 
boundary conditions are shown in Fig. (4).
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Elastic 
modulus
E11 = 98:0 GPa, E22
=7.9 GPa
Shear 
modulus
G12=G13= G23=5.6 
GPa
Density 3 / 1520 m Kg  
Poisson’s 
ratio
28 . 0 12  
Number of 
layers
8
Ply thickness 0.381 mm
Damage case (1)
Constraint
Damage case (2)
Damage case (3)
Fig.4-a. The Boundary Conditions and Damage Locations for Two Models (L/W=1, No. of Elements=225).
Fig.4-b.  The  Typical  Block  Diagram  of  the  Present  Stresses  Increases  and  Frequencies  Reduction  for  the 
Damaged Composite Blades.
Print all result 
End
 Compute the non-damaged frequency n  and the non-damaged stresses n S .
 Compute the damaged frequency d  and the damaged stresses d S .
 Compute the percentage frequency reduction  ) ( n d n     *100
Apply damage in different locations and through 
several layers of the sheet Damage (E11= E22 =105Pa
Gxy = Gyz = Gxz = 25Pa)
Non-damaged Output stresses (Von-
Mises) & Natural Frequency
Stresses and Vibration Analysis
Start
1. Geometric & mode specifications
2. (non-damaged  laminates), 
3. Material properties (E, G)
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4. Simulation of Damage
The  method used  to  simulate  damage  in  the 
composite models was to assume that the modulus 
and  shear  modulus  were  nearly  zero  at  the 
location of damage. In order to avoid singularity 
issues during calculation, the properties were not 
set  exactly  to  zero.  For  all  damage  cases,  the 
material properties assigned to that location were 
as follows:
E11= E22 =105Pa
Gxy = Gyz = Gxz = 25Pa
The  values  of  these  properties  actually  are 
neglected  (very  small  values  greater  than  zero) 
compared  with  non-damaged  structure.  The 
strength  in  damaged  regions  is  decreased  by  a 
factor of 10
8, which essentially acts as zero. These 
properties represent the effect of a total failure of 
the  load  carrying capability of  that  region.  The 
initial  effects of  damage  are  difficult  to  model. 
For  example  no  stiffness  reduction  is  assumed 
after  primary  matrix  failure  occurs  because 
transverse matrix cracks alone usually do not have 
a significant effect on the laminate stiffness.
The damage locations are shown in Fig. (4). In 
this  figure,  the  squares  represent  the  regions  in 
which  damage  occurs.  The  details  of  each  the 
damage case is outlined in Table (1).
Table 1,
Description of the Damage Cases.
Damage 
Case
Description of Damage Cases
1 A 3x3 region of elements in the top left 
corner of the blade with layers (3 to 6) 
failed, and layers (1 to 2) and (7 to 8) 
non-damaged.
2 A 3x3 region of elements in the left side 
with layers (3 to 6) failed, and layers (1 
to 2) and (7 to 8) non-damaged.
3 A 3x3 region of elements in the center 
left side of the plate, with layers (3 to 6) 
failed, and layers (1 to 2) and (7 to 8) 
non-damaged.
5. Verification Test
In  order  to  verify  the  program,  the  natural 
frequencies  are  calculated; then  compared  with 
the  results  of  Ref.  [19]  and  Ref.  [20]. The 
comparison  results  are  presented  in  Tables (2.a 
and 2.b). From Tables (2.a and 2.b), it is observed
that  a  good  agreement  between the  present 
calculated results and the results of references has 
been  obtained.  .  In  these  tables  the  maximum 
error does not exceeds 1.84 %.
The data for  the  verification  case  [for  Table 
(2.a)] are:
mm r
mm b mm t rad Speed
m
Kg mm a pa E
150 , 3 . 0
, 28 , 3 , sec 100
, 3 7850 , 328 , 217
 
    
     


 G
The data for  the  verification  case  [for  Table 
(2.b)] are:
m ply each for t
m t m b m a m Kg
Gpa G Gpa G Gpa G
Gpa E Gpa E Gpa E
xz yz xy xz yz
xy Z Y x
0003175 . 0 ) (
00635 . 0 , 914 . 0 , 219 . 1 , 1800
, 5 . 4 , 2 , 5 . 4 29 . 0 , , 5 . 0 ,
29 . 0 , 7 . 12 , 7 . 12 , 3 . 43
3

   
    
   

 

20-ply  composite  with  S2  Glass  /Epoxy 
symmetric [(0/90)10], Defect area =0.1875*0.1828 
[location in the center of sheet with layers (4 to 
13)  failed].  All  edges  for  sheet  are  fixed. 
Distributed load over an area 0.0247 m
2 (circle in 
the  center  of  sheet  with  diameter  0.1774  m)  of 
with a magnitude 2500 N (the total force on the 
sheet).
Table 2.a,
Values of Fundamental Natural Frequency (Hz) for 
Stationary and Rotating Cantilever Plate.
Present 
Work
Ref.
[19]
Error 
%
  0   23.9 23.6 1.2
  sec / 100 rad    52.9 52.0 1.8
Table 2.b,
Values of the First Five Natural Frequencies (Hz) 
for Damaged Rectangular Composite Sheet.
Mode 
No.
Present 
Work
Ref. [20] Error %
1 36.22 36.52 0.82
2 62.15 62.74 0.94
3 86.24 86.89 0.74
4 105.15 105.95 0.75
5 106.2 107.09 0.83
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6. Study State Analysis
Many  parameters  are  investigated  in  this 
analysis; non-dimensional  speed,  aspect  ratio, 
skew  angle,  pre-twisted  angle  and  non-
dimensional  radius. The  calculating  frequencies 
of the cracked plated precede the proposed block 
diagram in Fig. (3).
a) Effect of Rotational Speed
The  variations  of  Von-Mises  stresses  with 
non-dimensional speed (Ω=0.25,  0.5, 0.75 & 1) 
for  two  models  of  damaged  composite  blade is
compared  with  non-damaged  composite  blade.
For  the  first  model  (The  laminated  sheet  is 
symmetric  about  the  mid-plane  with  a  stacking 
sequence  of  [(0/90)4]s). Fig.(5)  shows the 
variations of Von-misses stresses with Ω. In this 
figure, it was observed that the stresses increase 
when the speed of rotation increased too. 
The behavior for stresses with Ω is the same 
for  the  second  model  (The  laminated  sheet  is 
symmetric  about  the  mid-plane  with  a  stacking 
sequence  of  [(45/-45)4]s).  Fig.(6)  exhibits the 
variations of Von- misses stresses with Ω.
Generally  the  stresses  are  proportional  with 
speed  of  rotation  and  the  stresses  will  be 
increased for damaged blades compared with the 
non-damaged blade. When (Ω=1) the percentage 
increases  in  Von-misses  stresses  for  the  first 
model  of  damaged  blade  is  69.7%  and  for  the 
second  model  of  damaged  blade  is  50.8%  in 
comparison with the non-damaged blades.
Fig.5. Variation of Von-Mises Stresses with Ω (1
st Model, L/W=1, 0 , 1 , 0      r ).
Fig. (6)  Variation of Von-Mises Stresses with Ω (2
nd Model, L/W=1, 0 , 1 , 0      r ).
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b) Effect of Aspect Ratio
In order to investigate the aspect ratio of blade,
four aspect ratios (1, 2, 3 & 4) were selected for 
this investigation.
Figs.  (7  &  8)  show the  variations  of  Von-
misses  stresses  with  aspect  ratio  for  the  first 
model and the second model respectively.
When  (L/W=1),  the  percentage  increases  in 
Von-misses  stresses for  first  model of  damaged 
blade to be 69.5% and for the second model of 
damaged  blade it  because 50.8% in  comparison 
with the non-damaged blade.
Fig.7. Variation of Von-Mises Stresses with (L/W) (1
st Model, Ω=1, 0 , 1 , 0      r ).
Fig.8. Variation of Von-Mises Stresses with (L/W) (2
nd Model, Ω=1, 0 , 1 , 0      r ).
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c) Effect of Skew Angle
Also  the  stresses  computed  for  the  same 
models  of  damaged  composite  blades  have 
different combination of skew angles (0
o, 10
o, 20
o, 
30
o, 40
o, and 45
o).
Figs. (9  &  10) exhibit the variation of  Von-
misses stresses with skew angle for the first model 
and the second model respectively.
It  has  been  shown  that,  the  maximum  Von-
misses  stresses  occur  at  45
o skew  angle  for  all 
cases. 
When the skew angles is (0
o), the percentage 
increases in Von-misses stresses for first model of 
damaged blade to be 69.7%  and for the second 
model  of  damaged  blade  it  becomes 50.8%  in 
comparison with the non-damaged blades.
Fig.9. Variation of Von-Mises Stresses with skew angle (2
nd Model, Ω=1, L/W=1, 0 , 1    r ).
Fig.10. Variation of Von-Mises Stresses with Skew Angle (1
st Model, Ω=1, L/W=1, 0 , 1    r ).
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d) Effect of Pre-Twist Angle
The study covers the effects of four pre-twist 
angles  (0
o,  15
o,  30
o and  45
o)  on  Von-misses 
stresses.
Figs. (11 &12) show the variations Von-misses 
stresses  with  pre-twist angle for  the first  model 
and the second model respectively.
It can be observed that when the pre-twist angle 
increases, the stress increases too.
The pre-twist of the blade causes coupling in 
both  bending  directions.  Hence,  the  pre-twist 
angle must be kept to minimum gross. Untwisting 
can cause changes in the velocity triangles of the 
fluid flow; leading and trailing edge tip clearance 
can change drastically due to blade untwist; and
both  effects  cause  degradation  in  turbomachine 
performance.  Bearing  in  mind, fluid  dynamic 
requirement  of  pre-twist  angle  is  to  achieve 
maximum efficiency and minimum stress level.
It can be noted from the previous figures that, 
when  pre-twist  angle  is  (45
o),  the  percentage 
increases in Von-misses stresses to be (33.8% and 
30.4%) for first and second models respectively, 
in comparison with the non-damaged blades.
Fig.11. Variation of Von-Mises Stresses With Pre-Twist Angle (1
st Model, Ω=1, L/W=1, 0 , 1    r ).
Fig.12. Variation of Von-Mises Stresses With Pre-Twist Angle (2
nd Model, Ω=1, L/W=1, 0 , 1    r ).
0
50
100
150
200
250
0 15 30 45
Pre-twist angle (degree)
V
o
n
-
m
i
s
e
s
 
S
t
r
e
s
s
e
s
 
(
M
 
P
a
)
Damaged Non-damaged
  
0
30
60
90
120
150
180
210
240
270
0 15 30 45
Pre-twist angle (degree)
V
o
n
-
m
i
s
e
s
 
S
t
r
e
s
s
e
s
 
(
M
 
P
a
)
Damaged Non-damaged
This page was created using Nitro PDF trial software.
To purchase, go to http://www.nitropdf.com/Oday I. Abdullah                                  Al-Khwarizmi Engineering Journal, Vol. 7, No. 1, PP 56 - 75 (2011)
68
e) Effect of Disc Radius
Figs. (13 & 14) demonstrate the variations of 
Von-mises  stresses  with non-dimensional  radius 
of disc (R/L). 
It can be observed the disc radius is the effect 
of  the  large  part  of  results,  which  the  natural 
frequencies  are  proportional  to  the  speed  of 
rotation and disc radius. It was observed that the 
stresses increase when the disc of radius increased 
too.  And  the  maximum  percentage  increases  in 
Von-misses stresses to be (73.9% and 59.2%) for 
the first model and the second model respectively 
in comparison with the non-damaged blades.
Fig.13. Variation of Von-Mises Stresses With (R/L) [1
st Model, Ω=1, L/W=1, 0 , 0     ].
Fig.14. Variation of Von-Mises Stresses With (R/L) (2
nd Model, Ω=1, L/W=1, 0 , 0     ).
7. Vibration Analysis
In  this  part the  effect  of  damaged for 
composite blade on the vibration characteristics is
investigated.  And  for  the  same  parameters in 
section (6).
Figs. (15, 17, 19, 21 & 23) show the variation 
of  Fundamental  Natural  Frequency with  non-
dimensional speed, aspect ratio, skew angle, pre-
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twisted  angle  and  non-dimensional  radius 
respectively, for the first model.
Figs. (16, 18, 20, 22 & 24) demonstrate the 
variation  of Fundamental Natural Frequency 
with non-dimensional speed, aspect ratio, skew 
angle, pre-twisted angle and non-dimensional 
radius respectively, for the second model.
The numerical results in Tables. (3 & 4) show 
the first five natural frequencies for the composite 
blade (non-damaged case and damaged cases) for 
the first model and second model respectively.
It can be noticed that all values of the natural 
frequencies  increase  with  the  speed  of  rotation 
and with the increasing radius of the disc [For this 
case when, the speed of rotation and disc radius 
increases, the values of centrifugal force increases 
also; then, the stiffness values for  structure will 
increase by depending on Equation (26) and the 
resultant  for  the  values  of  frequencies  will 
increases]. An increase in the pre-twist angle and 
setting  angle  causes  a  decrease  in  the  natural 
frequencies. It  can be  recognized that  when  the 
aspect  ratio  increase  the natural  frequencies 
decreases [For  this  case  when  the  aspect  ratio 
increases  the  value  of  mass  for  the  structure 
increases also and the resultant for the values of 
frequencies  will  decreases]. It  can  be  observed
that the speed of rotation and disc radius aeffect 
the large part  of  results; the natural  frequencies 
are proportional to the speed of rotation and disc 
radius. Also,  the  small  difference  in  natural 
frequencies  between  the  damage cases  and 
non-damaged  case can  be  noted.  The 
maximum  difference  percentage  does  not 
exceed 2.1 %, because of the small damage.
Fig.15. Variation  of  Fundamental  Natural  Frequency (Hz)  with  Non-Dimensional  Speed  (1
st Model,  L/W=1,
0 , 1 , 0      r ).
Fig.16. Variation  of Fundamental  Natural Frequency (Hz) with Non-Dimensional Speed (2
nd Model,  L/W=1,
0 , 1 , 0      r ).
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Fig.17. Variation of Fundamental Natural Frequency (Hz) with (L/W) (1
st Model, Ω=1, 0 , 1 , 0      r ).
Fig.18. Variation Fundamental Natural Frequency (Hz) with (L/W) (2
nd Model, Ω=1, 0 , 1 , 0      r ).
Fig.19. Variation  of  Fundamental  Natural  Frequency  (Hz)  with  Skew  Angle  (1
st Model,  Ω=1,  L/W=1,
0 , 1    r ).
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Fig.20. Variation  of  Fundamental  Natural  Frequency  (Hz)  with  Skew  Angle  (2
nd Model,  Ω=1,  L/W=1,
0 , 1    r ).
Fig.21. Variation  of  Fundamental  Natural  Frequency  (Hz)  with  Pre-Twist  Angle  (1
st Model,  Ω=1,  L/W=1,
0 , 1    r ).
Fig.22. Variation  of  Fundamental  Natural  Frequency  (Hz)  with  Pre-Twist  Angle  (2
nd Model,  Ω=1,  L/W=1,
0 , 1    r ).
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Fig.23. Variation of Fundamental Natural Frequency (Hz) with (R/L) [1
st Model, Ω=1, L/W=1, 0 , 0     ]
Fig.24. Variation of Fundamental Natural Frequency (Hz) with (R/L) (2
nd Model, Ω=1, L/W=1, 0 , 0     ).
Table 3,
Values of the First Five Natural Frequencies (Hz) for the Composite Blade (Non-Damaged Case and Damaged 
Cases for 1st Model).
Mode
No.
Non-
damaged 
Case
Case (1) %Difference
Case (1) With
Non-damaged 
case
Case (2) %Difference
Case (2) With
Non-damaged 
case
Case (3) %Difference
Case (3) With
Non-damaged 
case
1 36.14 35.58 1.54 35.59 1.51 35.596 1.50
2 54.32 53.55 1.43 53.64 1.26 53.768 1.03
3 187.16 184.02 1.68 184.25 1.55 184.27 1.54
4 227.01 223.66 1.47 223.69 1.46 223.69 1.46
5 251.31 247.73 1.42 248.46 1.13 248.12 1.27
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Table 4,
Values of the First Five Natural Frequencies (Hz) for the Composite Plate (Non-Damaged Case and Damaged 
Cases for 2nd Model).
Mode
No.
Non-
damaged 
Case
Case (1) %Difference
Case (1) With
Non-damaged 
case
Case (2) %Difference
Case (2) With
Non-damaged 
case
Case (3) %Difference
Case (3) With
Non-damaged 
case
1 23.2 22.700 2.15 22.718 2.07 22.746 1.95
2 78.34 76.773 2.00 76.991 1.72 76.951 1.77
3 137.1 134.33 2.02 134.80 1.6 134.85 1.64
4 210.24 205.94 2.04 205.97 2.03 206.06 1.98
5 262.32 256.86 2.08 257.06 2.00 257.02 2.02
8. Conclusions & Recommendations
The  conclusions  obtained  from  the  present 
work can be summarized as follows: -
1. The frequencies of all modes of vibration are 
independent  of  skew  angle  and  disc  radius 
when the cantilever plate (blade) is stationary. 
But the effects of skew angle and disc radius 
will  be  very  clear,  when  the  blade  start  to 
rotate. The maximum percentage increases in 
Frequencies to be (99.5% and 186 %) for the 
first model and the second model respectively, 
when the non-dimensional speed changes from 
zero to 1.
2. The maximum effect of skew angle and pre-
twisted  angle  on  the  values  of  natural 
frequencies  occurs  when  angles  are
 
 0    . The  maximum  percentage 
increases in Frequencies to  be (17% and 8.6 
%) for the first model and the second model 
respectively, when the skew angle change from 
45  to  zero.  And  the  maximum  percentage 
increases in Frequencies to be (3% and 4.6 %) 
for  the  first model  and  the  second  model 
respectively,  when  the  pre-twisted  angle 
changes from 45 to zero.
3. The maximum effect of skew angle and pre-
twisted angle on the values of stresses occurs 
when angles are 
 45    .
4. The speed of rotation and disc radius are very 
effective  parameters  on  the  frequencies  and 
stresses  for  rotating  blades  (Blades  design 
needs  to  high  accuracy  estimation  for  the 
stresses  and  frequencies,  and  using  the 
optimization  to  select  materials  and  others 
design  parameters  such  as  skew  and  per-
twisted  angles,  thickness,  aspect  ratio  etc.. 
before manufacturing).
5. It can be noted, the stresses in all cases for the 
second  model  of  blade  larger  than  the  first 
model  under  same  conditions,  in  the  other 
words, It can be concluded the great effect of 
fiber  orientation  of  composite  blade  for  the 
same damage (size and location). In this work, 
two types of fibers orientations have been used 
to  make  Comparison  and  to  show  the  high 
difference  for  stresses  under  the  same 
conditions.
Because  of  the  small  damage  or  invisible 
damage, which causes the high stresses in blade, 
this may lead to the failure. Finally, the important 
recommendation here for the future work is using 
high  accuracy  devices  to  get  the  natural 
frequencies  values,  to  discover  the  small  and 
invisible  damage  in  the  blade  and  using  the 
optimization method to select the parameters such 
as (orientations of fibers for composite materials, 
thickness, skew angle, Pre-twist angle etc..)
Notations
U The displacement vector
u0, v0, w0 Three translational displacement 
 , The two rotational degrees of freedom
N The interpolation function matrix
 the strain
Bst The complete structural strain–
displacement matrix 
U The strain energy
 Non-dimensional speed
E The modules of elasticity (N/m
2)
G The modules of rigidity (N/m2)
Ttw is the coordinate transformation 
matrix for a blade twist
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T The kinetic energy
M The mass matrix
C The Coriolis matrix
Kl The linear stiffness matrix
Kg The geometric stiffness matrix
Kcf The stiffness matrix due to the 
centrifugal force
Fcf force vector due to the centrifugal 
force
q The displacement vector q
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ﺔﺻﻼﺨﻟا   
 هﺬھ ﻲﻓ ﺚﺤﺒﻟا ،       ماﺪﺨﺘ  ﺳا ﻢ  ﺗ     ﺔ  ﯾﺮﻈﻧ   ﻨﻌﻟا ﺎ         ﻮﻠ  ﺴﻟا ﺔ  ﺳارِ ﺪﻟ ةدﺪ  ﺤﻤﻟا ﺮ  ﺻ ك     ﻣﺎﻨﯾﺪ  ﻟا ﻜﯿ  ِ ﻲ       ِ ةرﺮ  ﻀﺘﻣ ةراود ﺔ  ﺒﻛﺮﻣ ﺔ  ﺸﯾﺮﻟ  .   ﺑ رﻮ  ﻃ ﺮ     ﻧ  ﺞﻣﺎ ﻠﻟ ﻨﻌ ﺎ     دﺪ  ﺤﻤﻟا ﺮ  ﺻ ة      ﻲ  ﺛﻼﺛ
 دﺎﻌﺑﻷا ﺎﺑ  لﺎﻤﻌﺘﺳ ﺮﺼﻨﻌﻟا   ﻤﻟا   ﻖ  ّ ﻗﺮ          ﻰ  ﻠﻋ يﻮ  ﺘﺤﯾ يﺬ  ﻟاو      ﺪ  ﻘﻋ ﺔﻌ  ﺴﺗ           ةراوﺪ  ﻟا ﺔ  ﺸﯾﺮﻟا ﻞ  ﻜﯿﮭﻟ ﺔ  ﺋﺰﺠﺗ ﺮ  ﺼﻨﻌﻛ   )                ةرﺮ  ﻀﺘﻤﻟا ﺔ  ﺸﯾﺮﻠﻟ ﺮ  ﺼﻨﻌﻟا عﻮ  ﻧ ﺲ  ﻔﻧ ماﺪﺨﺘ  ﺳا ﻢ  ﺗ
    ةرﺮ  ﻀﺘﻣ ﺮ  ﯿﻐﻟاو ( .       ،ِﻞ  ﯿﻠﺤﺘﻟا اﺬ  ھ ﻲ  ﻓ       ﺬ  ﺧأ ﻢ  ﺗ          ِﻲ  ﻟوﻷا ِدﺎ  ﮭﺟﻹا ﺮﯿﺛﺄ  ﺗ )   ةﺄ  ﺴﺠﻟا   ﻟا   ﯿ  ﺳﺪﻨﮭ ﺔ  ( و ﻟا    تاﺮﯿﺛﺄ  ﺘ ﻟا   ﺔ  ﯾﺮﯾوﺪﺘ ,                  ﻞ  ﯿﺠﻌﺘﻟا ﺮﯿﺛﺄ  ﺗ دﻮ  ﺟو رﺎ  ﺒﺘﻋﻻا ﺮ  ﻈﻨﺑ ﺬ  ﺧﺆﯾ ﻢ  ﻟو
   ﺲﻟﻮ  ﯾرﻮﻛ ) carioles acceleration  .( ﯾ ﻐ     ﻄ    ُ ﻖ  ﯿﻘﺤﺘﻟا ﻲ     ﺪ  ﻋ ﺮﯿﺛﺄ  ﺗ ة        ﻞ  ﺜﻣ تاﺮ  ﯿﻐﺘﻣ     ِ ناروﺪ  ﻟا ََ ﺔﻋﺮ  ﺳ   و         ضﺮ  ﻌﻠﻟ لﻮ  ﻄﻟا ﺔﺒ  ﺴﻧ   و      ﺔ  ﯾواز   و ﺖ  ﯿﺒﺜﺘﻟأ      َ ﺔ  ﯾواز     ﻠﻟا ﻲ   و  
و ِ لﻮﻄﻟا ﻰﻟإ ﺮﻄﻗ ﻒﺼﻧ ﻟا تﺎﻘﺒﻃ و ِﺢﯿﻔﺼﺘ ا ﺠﺗ ﺎ ھ ﮫ   ﻟا  ِﻒﯿﻠ  ةدﺎﻤﻠﻟ ﺒﻛﺮﻤﻟا ﺔ  . ﺪﻌﺑ               ةرﺮ  ﻀﺘﻣ ﺮ  ﯿﻐﻟا ةراوﺪ  ﻟا ﺔ  ﺒﻛﺮﻤﻟا ﺔ  ﺸﯾﺮﻠﻟ ﺔ  ﺟﺬﻤﻨﻟا ﺔﯿﻠﻤﻋ  ,          رﺮ  ﺿ تﻻﺎ  ﺣ ﻖ  ﯿﺒﻄﺗ ﻢ  ﺗ
 ﺔﻤﯿﻗ ﻲﻓ ﺮﯿﻐﺘﻟا بﺎﺴﺤﻟ ﺔﻔﻠﺘﺨﻣ   ﻲ  ﺳﺎﺳﻷا ﻲﻌﯿﺒﻄﻟا ددﺮﺘﻟا                   رﺮ  ﺿ ﻰ  ﻠﻋ يﻮ  ﺘﺤﺗ ﻻ ﻲ  ﺘﻟا ﺔ  ﺸﯾﺮﻟا ﻰ  ﻟا ﺔﺒ  ﺴﻧ تادﺎ  ﮭﺟﻻاو َ  .            تﺎ  ﻘﺒﻃ ةّ ﺪ  ِ ﻋ ﻲ  ﻓ ُ رﺮ  ﻀﻟا ُ ثﺪ  ْﺣ ﻟ   ﻔ  ﺼﻠ ﯿ  ِﺔﺤ
ﻮﻣ ﻲﻓ ِﺔﺒﻛﺮﻤﻟا ا  ِﻊﻗ ﺔﻔﻠﺘﺨﻣ    لﻼﺧ ﻟا ِ ﻋ لﻼﺧو ،ﻢﺠﺤ ﻟ تﺎﻘﺒﻃ ةّ ﺪ ﻠ ﻔﺼ ﯿ ِ ﺔﺤ .    ﺔﯾدﺪﻌﻟا ﺞِﺋﺎﺘَ ﻨﻟا ﺖﻨﯿﺑ   ﺗ اﻮ  ﺪﯿﺟ ﻖﻓ ﻤﻟﺎﺑ ﻧرﺎَ ﻘ ﺔ   ﻟﺎﺑ ثﻮﺤﺒ   ﻓﻮﺘﻤﻟا ةﺮ   ىﺮﺧا َ قﺮﻃ ُ ﻞﻤﻌﺘﺴَ ﺗ ﻲﺘﻟا .     
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